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Abstract. For p prime, we give an explicit formula for Igusa's local zeta 
function associated to a polynomial mapping f = (/i, ••.,/*) : Qp — > Qp, 
with fi, ■ ■ ■ , ft G Zp[a;i, . . . , Xn], and an integration measure on Zp of the form 
|g(a;)lldx|, with g another polynomial in Zp[xi, . . . , x„]. We treat the special 
cases of a single polynomial and a monomial ideal separately. The formula is 
in terms of Newton polyhedra and will be valid for f and g sufficiently non- 
degenerated over Fp with respect to their Newton polyhedra. The formula is 
based on, and is a generalization of results in [6] , [9] and |15| . 
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Introduction 

Motivation. In order to prove the rationality of a generating series counting the 
number of solutions of polynomial congruences, in 1974 Igusa [lOj introduced his 
p-adic zeta function. In 1992, Denef and Loeser [7] obtained the topological zeta 
function as a kind of limit of p-adic zeta functions; later they presented in [8] 
the finer and intrinsically defined motivic zeta function. All these invariants were 
originally associated to one polynomial or analytic function in several variables 
over a certain field (a p-adic field, C and an arbitrary field of characteristic zero, 
respectively), but the concepts have been generalized in many ways during the 
research that followed. For instance, we now associate these zeta functions to several 
polynomials or to an ideal in a polynomial ring, see e.g. O [HI [131 [14]. Nowadays one 
is also interested in zeta functions of a number of polynomials and a more general 
measure or differential form. For example, in [iT] Veys and Nemethi use this notion 
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to prove a remarkable result on the generalized monodromy conjecture. For other 
applications, see e.g. [U [2]- In this respect, it is useful to examine which known 
results and formulas have their analogue in this generalized context. In this paper, 
we adapt results from [6l [9l I15j and prove an explicit formula for Igusa's p-adic 
zeta function of a strongly non-degenerated polynomial mapping and a 'polynomial 
measure'. Although we state the formula for the p-adic one, the result can also 
be formulated for the topological and motivic zeta functions. In [3j we will use 
this formula to investigate the analogue of Veys and Nemethi's result for a related, 
stronger conjecture of Igusa-Denef-Loeser. 

Igusa's zeta function of a polynomial mapping and a polynomial measure. 

For a prime p, we denote by Qp the field of p-adic numbers and by Zp its subring 
of p-adic integers. Denote by | • | the p-adic norm on Qp. On Qp, n e N \ {0}, we 
consider the Haar measure, so normalized that Zp has measure one, and we denote 
it by I da; I = \dxi A • ■ • A dx„|. For a measurable subset A C Qp, we denote its 
measure by fJ,{A). Let us start with the definition of Igusa's local zeta function. 

Definition 0.1 (Igusa's p-adic local zeta function). Let p be a prime number and 
fix) = f{xi, . . . ^Xn) a polynomial in Qp[xi, . . . , x„]. Igusa's (p-adic) local zeta 
function associated to / is defined as 

: {s e C I 5R(s) >0}^C:s^ Zf[s) = j \f{x)\'\dx\. 

More generally, one defines Igusa's local zeta function associated to a polynomial 
mapping f = (/i, . . . , /t) : Qp Qp, with A, . . . , /t S Qp[a;i, . . . , a;„], as 

(1) Zf : {s e C I •^{s) > 0} ^ C : s Zf[s) = j \\i{x)f\dxl 

where ||f(2:)|| max^ \fi{x)\. 

To an ideal I of Zp[xi, . . . , x„], we associate Igusa's local zeta function 

Zx : {s e C I 5R(s) > Q} ^ C : s ^ Zi{s) = / \I{x)\'\dxl 

where \I{x)\ — max{|/(a;)| | / £ I}. 

We can further generalize these notions by considering alternative, 'polynomial' 
integration measures on Zp, i.e. measures of the form |(;(a;)||da;|, with g another 
polynomial in Qp[xi, . . . , Xn]- For /, f and I as above, we put 

Zf^ga.{s)= [ \J{x)\'\g{x)\\dxl Zf^g^A^) = [ \\i{x)r\g{x)\\dx\ 



Z" 



and Zi^gdx{s) = / \I{x)\''\g{x)\\dx 



Z" 



These are the zeta functions that we will study here. 

Remark 0.2. In general, we associate p-adic zeta functions to polynomial mappings 
f = • ■ • ,/t) : Qp ^ Qp> rather than to ideals (/i, . . . , /*) <1 Qp[a;i, . . . ,x„], since 
Zf , as defined in ([T]), depends on the specific polynomials /i, . . . , /t, not only on 
the ideal generated by them. However, if we consider polynomials /i, . . . , /j over 
the p-adic integers, it turns out that Zf only depends on the ideal (/i, . . . , /t) <l 
Zp[xi, . . . , Xn], i.e. two polynomial mappings over Zp give rise to the same zeta 
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function, if their composing polynomials generate the same ideal of Zp[a;i, . . . , 
This yields a proper definition of Igusa's zeta function of a Zp[xi, . . . ,Xn\ ideal, 
which coincides with the one given above. Indeed, for every set {/i, •■•,/*} of 
generators of an ideal X < Zp[a;i, . . . , we have that 

\I{x)\ = max I /(x) I = max |/,(a;) 

for every x € Z^. 

Following ^9^ , we will use the terminology of ideals when it comes to monomial 
ideals (Sections [T] [2]), otherwise we will speak in terms of polynomial mappings. 

Using resolution of singularities, Igusa |10j proved in 1974 that his p-adic zeta 
function Zj, associated to one polynomial /, is a rational function in the variable 
t = ■ An alternative proof (based onp-adic cell decomposition) of this important 
fact was obtained ten years later by Denef ^ . With the same techniques it can be 
proved that this rationality result still holds for the other versions of Igusa's local 
zeta function, described above. Hence, all of these functions allow a meromorphic 
continuation to the whole complex plane, that we denote with the same symbol. 

Considering Newton polyhedra (see Definition 11.21 below) , Denef and Hoornaert 
obtained in their 2001 paper 6] a very explicit formula for Igusa's local zeta function 
of a single polynomial, for a special class of polynomials, namely those who are non- 
degenerated over Fp with respect to all the faces of their Newton polyhedron (see 
Definition II. 4p . In their paper JOj of 2007, Howald, Mustata and Yuen prove a 
similar formula for Igusa's local zeta function Zi, associated to a monomial ideal 
I <\ Z[xi, . . . ,Xn] and the usual integration measure. In 2008, Veys and Ziiiiiga- 
Galindo [15] generalized those two formulas to a formula for Igusa's local zeta 
function Zf of a polynomial mapping f , that is strongly non-degenerated over Fp 
with respect to its Newton polyhedron f Definition 11.51) . 

Our goal is to adapt those formulas to cover the generalized versions Zf^gdx, 
Zf^gdx and Zx,gdx of Igusa's local zeta function, associated to a polynomial mea- 
sure |(7(x)||(ix| on Zp, where g is a polynomial in Zp[xi, . . . that is also non- 
degenerated over Fp with respect to its Newton polyhedron, and where the pairs 
(/, g) and (f , g) satisfy a supplementary non-degeneracy condition, described in 
Definitions 14.21 and 15. 5[ respectively. 

Overview. In the first section, we list all the needed definitions, notations and 
results that are already known, without much explanation. For more details on 
Igusa's zeta function and Newton polyhedra, we refer to [6], [9] and [15], for more 
background on convex geometry, we refer to |12| . In Section [21 we derive a formula 
for Igusa's zeta function associated to a monomial ideal and a measure |(7(a;)||(ix|. 
A formula for Igusa's local zeta function of a single polynomial / and a measure 
|(7(a;)||da;|, is proved in Section SI Section [3] is preparation for this section, here we 
derive a formula for the same integral as appearing in the definition of Zf^gdx{s), 
but with integration domain (Z^ )" instead of Z^. The proof of this formula is 
based on Hensel's Lemma. In the last section, we state the most general formula, 
i.e. for Igusa's zeta function of a polynomial mapping and a polynomial integration 
measure. 

All definitions and results mentioned in this paper have straightforward ana- 
logues over any p-adic field, i.e. any field K, such that [K : Qp] < cxo. 
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1. Preliminaries 

Remark 1.1. In what follows, we will consider polynomials over Zp, because this is 
more convenient when dealing with the non-degeneracy conditions we use through- 
out the paper. Note that this does not affect the generality, since every polynomial 
/ over Qp can be written as / = p^*/ for some i G Z^q and some / G Zp[xi, . . . , a;„], 
leading to e.g. Zf{s) =p'^''Zj{s). 

Definition 1.2 (Newton polyhedron). Let p be a prime number. We denote, 
for uj = [uji, . . . ,ujn) G N", by the corresponding monomial x^^ ■ ■ ■ in 
Zp[a;i, . . . , Xn\- Let /(x) = f{xi, ... ,Xn) = Z^^gN" "'<^^" ^e a nonzero polyno- 
mial over Zp, satisfying /(O) = 0. Let R^o = {^c G R | a; ^ 0} and supp(/) — {uj G 
N" I aui ^ 0}, the support of /. The Newton polyhedron F/ of / is defined as the 
convex hull in R^g of the set 

U ^ + R|o- 

wesupp(/) 

The global Newton polyhedron F^' of / is defined as the convex hull of supp(/). 
Clearly, we have F/ = F^' R^g. 

Let f = (/i,...,/t) : Qp Q* be a nonconstant polynomial mapping, with 
/ij •■•,/* G Zp[xi, . . . , a;„], satisfying f(0) = 0. We define the support supp(f) 
of f as the union of the supports of its composing polynomials, and its Newton 
polyhedron Ff , as above, as the convex hull in R^g of Utjesupp(n^ + ^^o- 

Let I < Zp[a;i, . . . , Xn] be a nonzero proper monomial ideajj. We define the 
Newton polyhedron Fx of X as the convex hull in R'^g those uj G N", such that 
a;" G I. The polyhedron Fj coincides with the Newton polyhedron of the monomial 
mapping (a;"^ , • . . , a;"* ) for any set {x"^ , • . . , a;"* } of monomial generators of I. 

Notation 1.3. For a G Z^, we denote by a = a + (jfLpf- G Fp its reduction 

modulo (pZp)". For / G Zp[xi, . . . ,a;„], we denote by / the polynomial over Fp, 
obtained from /, by reducing each of its coefficients modulo pZp. Analogously, for 
a polynomial mapping f = (/i, . . . , /j), we denote f = (/i, . . . , /f). 

Definition 1.4 (Non-degenerated). Let / be as in Definition 11.21 For every facffl 
T of the Newton polyhedron Fy of /, we put 

/r(a;) = X! ^'^'^'^ ■ 

We say that / is non-degenerated over Fp with respect to (all the faces of) its 
Newton polyhedron F/ , if for everjQ face r of F/ , the locus of the polynomial /t 

monomial ideal is an ideal that can be generated by monic monomials. 
^By a face of we mean itself or one of its proper faces, which are the intersections of Fj 
with a supporting hyperplane (see e.g. [12|). 
^Thus also for F/. 
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i 



has no solutions in (Z^ )". 

Definition 1.5 (Strongly non-degenerated). Let f be as in Definition 11.21 For 
every face r of the Newton polyhedron Ff of f , we denote fi- = (/i,r, • ■ • , /t^r), with 
the fi^T defined in the same way as the fr in Definition 11.41 

We call the mapping f strongly non-degenerated over the field Fp with re- 
spect to (all the faces of) its Newton polyhedron Ff, if for every face r of Ff 
and all a G (Z^)", satisfying ir{a) = mod p, the Jacobian matrix J(fT-,a) = 
{{dfi^r/dxj){a))^ J has maximal rank (equal to mhi(t,n)) modulo In other 
words: f is strongly non-degenerated over Fp with respect to Ff , if for every face 
T of Ff and all a G (Fp )" in the locus of fr, the Jacobian matrix J{ir,a) = 
{i.'^fi,T / dxj){a)) ^ . over Fp, has maximal rank. 

Definition 1.6 {mf{k)). Let / be as in Definition 11.21 For k G R^Q' define 



where k ■ x denotes the scalar product of k and x. 

The infimum in the definition above is actually a minimum, where the minimum 
can as well be taken over the global Newton polyhedron F^' of /, which is a compact 
set, or even over the finite set supp(/). 

Definition 1.7 (First meet locus). Let / be as in Definition 11.21 and k G R>o- 

define the first meet locus of k as the face 



Definition 1.8 (Primitive vector). A vector k G R" is called primitive if the 
components of k are integers whose greatest common divisor is one. 

Definition 1.9 (A/). Let / be as in Definition 11.21 For a face r of F/, we call 



the cone associated to r. The Ay(T) are the equivalence classes of the equivalence 
relation on R^p' defined by 



k^fk' if and only if Fj (k) = Ff [k'). 
The 'cones' A/(t) thus form a partition of R^q which we denote by A/, so 
Ay = {A/(t) I r is a face of F/} = R'^q/ ~/ . 



mf(k) — inf k ■ x, 



Ff{k) = {xerf\k-x^mf{k)} 



Af{T) = {ke R5o I Ff{k) = r} 



^Meaning that the matrix l{dfi^r/dxj)(a) 




over Fp has maximal rank. 
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The A / (r) are in fact relatively operHH convex cone^ with a very specific struc- 
ture, as stated in the following lemma. 

Lemma 1.10. [BJ Lemma 2.6]. Let f be as in Definition \l.Si Let t be a proper 
face of T f and let 71, . . . , 7^ be the facet^ of T f that contain t. Let ki, . . . ,kr 
be the unique primitive vectors in N" \ {0} that are perpendicular to 71,..., 7^, 
respectively. Then the cone A^(r) associated to r is the convex cone 

^/(t) = {Alfci + A2fc2 H h Xrkr \ K £ R>o} 

and its dimensioi^ equals n — dimr. 

Definition 1.11. For fci, . . . , fe^ e R"\{0}, we call A = {Aifci + A2A:2H hXrkr \ 

\i £ R>o} the cone strictly positively spanned by the vectors ki, . . . ,kr. When 
the ki, . . . ,kr can be chosen from Z", we call it a rational cone. If we can choose 
ki, . . . ,kr linearly independent over R, A is called a simplicial cone. If A is rational 
and ki, . . . ,kr can be chosen from a Z-module basis of Z" , we call A a simple cone. 

It follows from Lemma 11.101 that the topological closure|3 A/frf^l of the cones 
A / (t) form a farF^ ^/ of rational polyhedral conej^. 

Remark 1.12. The function my from Definition ll.6l is linear on each cone A/(t). 

Remark 1.13. Let f and I be as in Definition 1 1.2 1 Let k G R>o and let r and r' be 
faces of Ff and Fj, respectively. We then have analogous definitions and results for 
mf(fc), -Ff(fc), ^f, Af(r), Af and Af, associated to f, and for mx{k), Fx{k), ~x, 
Ax(t'), Ax and Ax, associated to I. 

We state without proofs, the following two lemmas (see e.g. [6]). 

Lemma 1.14. Let A be the cone strictly positively spanned by the vectors fci, . . . ,kr 
S R"q\{0}. Then there exists a finite partition of IS. into cones A^, such that each 
Ai is strictly positively spanned by a R-linearly independent subset of {fci, . . . , fc^}. 
We call such a decomposition a simplicial decomposition of A without introducing 
new rays. 

Lemma 1.15. Let A be a rational simplicial cone. Then there exists a finite 
partition of A into simple cones. (In general, such a decomposition requires the 
introduction of new rays.) 

Finally, we need the following notion, which is closely related to the notion of a 
simple cone. 



With respect to the standard topology of R-^q- 

subset of R.5o called relatively open if it is open in its affine closure, 
subset C of R" is called a convex cone if it is a convex set and \x £ C for all x £ C and 
all A e R>o. 

facet is a face of codimension one. 
''The dimension of a convex cone is the dimension of its afHnc hull. 
^'^With respect to the standard topology of RJq- 

"A^(r) = {Aifci + Aafca + • • • + Xrkr \ A; G r'^o} = {k £ R^^ | Ff{k) D r}. 
^■^A fan is a finite set of rational polyhedral cones such that every face of a cone in is 
contained in and the intersection of each two cones C and C in .7-" is a face of both C and C' . 
13a 

rational polyhedral cone is a closed convex cone, generated by a finite subset of Z". 
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Definition 1.16. Let ki,...,kr be Q-linearly independent vectors in Z". The 
multiplicity of fci, . . . , fc,-, denoted by mult(fci, . . . , kr), is defined as the index of 
the lattice Zfci + • • • + Z/c,. in the group of points with integral coordinates in the 
subspace spanned by ki kr of the Q- vector space Q" . One can check that this 
number equals the cardinality of the set 



k i=l ) 

Let A be the cone strictly positively spanned by fci , . . . , fc,. . We define the mul- 
tiplicity of A as the multiplicity of fci, . . . , fc^, and we denote it by mult A. 

Remark 1.17. Let A be as in Definition 11.161 Note that A is simple if and only if 
mult A ~ mult(A:i, . . . , kr) = 1. 

2. IGUSA'S local ZETA FUNCTION OF A MONOMIAL IDEAL AND A POLYNOMIAL 



In the previous section we met partitions A/, Af and Aj of R"g, associated to a 
polynomial, a polynomial mapping and a monomial ideal, respectively. When, as in 
this section, we are dealing with two polynomials / and a polynomial mapping f 
and a polynomial g or an ideal T and a polynomial 5, we will also consider a partition 
of R>o by finitely and strictly positively spanned rational cones, associated to both 
/ and 5, both f and g or both I and g. 

Definition 2.1 (A/^g, Af.g, Aj^g). Let /, f, I and g be as in Definition 11.21 
The partition A/^g of R>o, associated to / and g, will consist of all the nonempty 
intersections of cones in Aj with cones in Ag, i.e. 



The set of cones A/^g will then be the quotient of R^q ^"7 the equivalence relation 
k r^f^g k' if and only if Ff{k) = Ff{k') and Fg{k) = Fg(fc'). 

The partitions Af^g, associated to f and and Aj^g, associated to X and g, are 
defined in the same way. 

Example 2.2. Consider the monomial ideal I = (x^y, x^j/^, x^j/^) <\ 7ip[x,y\ and 
the polynomial g{x,y) = x^y^ + xy^ G Zp[x, y]. The Newton polyhedra Fj and Fg 
and the partitions Aj, Ag and Ax,g of R>o are drawn in Figure [TJ Note that the 
vectors vi^. ,V4, v'l, . . . ,v'^, wi, . . . ^w^ are perpendicular to the faces associated 
to the rayO they span. One checks that g is non-degenerated over Fp with respect 
to its Newton polyhedron, if and only if p 7^ 3. 

Let I be a nonzero proper monomial ideal of Zp[xi, . . . ,x„] and g a non-zero 
polynomial in Zp[xi, . . . , a;„] with g{0) — 0, which is non-degenerated over Fp 
with respect to all the faces of its Newton polyhedron. We consider the Newton 
polyhedra Fj and Fg of I and g and the corresponding partitions Ax, Ag and Ax,g 




MEASURE 



A/,g = {A/(r)nAg(r')| 



T is a face of F/, r' is a face of Fg and A/(r) n Ag(r') 7^ 0}. 



of R' 



n 



14a ray is a cone of dimension one. 
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(2,5). 



Tl = To 




(3,2) 

T4 ^(5, 1) 



t^4(0,l) 



T7 



Ax(t7) • 
Ax(t6)- 



Ax(t5) 



■Ax(t4) 



•Ax(t3) 



^^^3(1, 2) 

-^(3,1) ^^'^Ax(n) 



0123456789 10 Ax(to) fi(l,0) 



(a) Fx and its faces 



(b) Partition Ax of 



g — '^0 



(1=5) 




T5 . 



0123456789 10 Ag(T^) v[{l,0) 
(c) Fg and its faces 




W5 



w;4 



t;i(l,0) 




(d) Partition Ag of R^^ 




/St 




• ^8 • / ■ <^6 ■ 




• / / h 

V • ^^^^^ 


■ (53 


yi/i3- jt" — ■ ■ ^2 


^1 



5o ^1 

(e) Partition Ax.g of R^g 

Figure 1 . Newton polyhedra and partitions of R>o associated to 
X = (x^y, x^y^, a;^y^) and g = x'^xp' + xxf' 
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Notation 2.3. From the definition of Ai.g and tlie fact that Aj and Ag consist of 
disjoint sets, it follows that each cone 6 in Ax,g can be written in a unique way as 
the intersection 5 = Ax(t) n Ag(T') of a cone Ai(r) in Ax with a cone Ag(r') in 
Ag. So, to each cone S € Ax,g we can associate a face r of Fx and a face r' of Fg. 
For 6 G Ax,g, denote by gs the polynomial ffr', with r' the face of Fg associated 
to 6. Finally, for S G Ax,g, put 

Ns^#{ae{F;y-\gs{a) = 0}. 
Notation 2.4. For k = (fci, . . . , /c^) G R^, wc denote 

n 

1=1 

Theorem 2.5. Let I and g he as above. Then we have: 

Zx,gdx{s) — ^ LsSs, 



with 



and 



Ss^ X! P 



P + 1 

mx{k)s — mg {k) — (T{k) 



fceN"n(5 

for every cone S in Ax,g. 

The above formula for Ss can be rewritten as a rational expression inp^^. Con- 
sider therefore a partition of the rational cone S into rational simplicial cones 5i, 
i G I , without the introduction of new rays. For each i, let Si be the cone strictly 
positively spanned by the linearly independent, primitive vectors ki^i, . . . , ki^n S 
N" \ {0}. Then 

E mx{h)s+mg{h)+a{h) 
h ^ 

where h runs through the elements of the set 



Os^ A, <1 /or j = 



From the formula for Lg and the rational expression for Ss, it then follows that 
the real parts of the candidate-poles of Zx.gdx o,re given by the rational numbers 

mg{k) + a{k) 
mx(fc) 

for k a primitive generator of a ray in Ax,g . 

Proof. The proof is similar to the proofs of [5J Theorem 4.2] and [21 Proposition 2.1]. 
First we divide the integration domain Z^, based on the partition Ax.g of R>o 
associated to I and g: 

Zx^gdA^) = I^JI{x)\^\g{x)\\dx\ 



l^See Definition [Til 
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primitive generator 
fc of a ray in Ax,g 


Tn --7- 1 if 1 






candidate-pole 
associated to k 


(1,0) 


2 


1 


1 


-1 


(3,1) 


11 


8 


4 


-12/11 


(1,1) 


5 


6 


2 


-8/5 


(1,2) 


7 


8 


3 


-11/7 


(0,1) 


1 


2 


1 


-3 


h 


mi{h) 


mg{h) 


a(/i) 




(2,1) 


8 


7 


3 





Table 1. Data associated to (2,1) and the primitive generators 
of the rays in Aj.g. 



= E E /.,z" i^(-)n.9(^)iM^i- 

RecaU that \T{x)\ = max{|/(x)| | / e 1} = p-min{ord/(x)l/ei}^ j^>g gj^gy 
that this minimum is always attained in one of the monic monomials that generate 
I. If x'^ is a monomial in Zp[xi, . . . , a;„], then for a; £ with orda; = k, the order 
of x'^ equals fc • So, since min{fc ■ uj \ uj E supp(/)} = mx{k), it follows that 

5eAx,, fceN"n5 ordx=fc 

From the proof of jH Theorem 4.2], it follows that the integral in the previous 
equation is equal to p~™aik)-<'{k) j^^^ Hence, 

and since Lg is independent of fc, we find 

5eAx,g fceN"n(5 
= ^ iaS's- 

For the easy proof of the rational formula for 5*5, we refer to jG] Theorem 4.2]. 
Essential here is the fact that the functions mj and rrig are linear on each S. m 

Example 2.6 (Continuation of Example 12. 2p . We will now calculate Igusa's local 
zeta function Zx,gdx for the monomial ideal T and the polynomial g from Exam- 
ple One can verify that g is non-degenerated over Fp with respect to F^, if and 
only if p 7^ 3. So, we restrict to this case and use the formula from Theorem 12.51 to 
calculate Zx,gdx{s)- 

Tables [1] and [2] show the data related to the cones in Ax,g and the primitive 
generators of its rays, needed to 'fill in' our formula. The number Ng, appearing 
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cone dim primitive mult i\[ ]^ g 

6 S generators S 

^0 M'"^ 1 



p2s + 2_l 

62 2 (1,0), (3,1) 1 

1 



plls+12_l 



Si 1 (1,0) (h^) 

(1,0), (3,1) 1 (2^) 
•^3 1 (3,1) 

<^4 2 (3,1), (1,1) 2 (pll. + 12^1)(p5s + 8_l) 

•^5 1 (1,1) N, (h^) 

5e 2 (1,1),(1,2) 1 (h^) 



Ss + lO 



1+p' 



jVg 1 

p(p+l) p5s + 8_l 

1 



-^7 1 (1,2) [^y 

Ss 2 (1,2), (0,1) 1 (H-IV ,„v.+n_A 



5s + S_l)(p73 + ll_l) 
1 



*9 1 (0,1) (h^) 



p^=+ll-l 



p J (p7s + ll_i)(p» + 3_l) 

2 



1 



Table 2. Data associated to the cones of Ax , 



in Table [21 is the number of elements in the locus {{x,y) £ (F^)^ | g{x,y) — 
x^ip + xy^ — 0}. One can check that this number equals 



3(39-1) if 39= 1,7 mod 12, 
p-l if p = 2, 5, 11 mod 12. 



The calculations are relatively easy, because, since we work in dimension 2, all cones 
5 £ ^i,g are simplicial. Moreover, all cones are simple, except (54. Consequently, 
we have to take the single point 

(2, 1) e Z" n {A(3, 1) + 1) | A, ^ < 1} 

into account, in the calculation of Ss^. 
For p = 1, 7 mod 12, we find 

y ( )^ r q ^ p'\p-l)A{p,t) 

^ ie'fe ^ (p+l)(p2-i2)(pl2_ill)(p8_i5)(pll„i7)(p3„i)' 

where t = p^* and A{p, t) is the following polynomial in p and t. 

A{p, t) = (V - 3p + l)t'^ + (/ + 3/ - p=^)t2o + (V + + V - p')i'' 

+ (-/ - 3/ + - + p2)ti' + (2/ - 2/)ii7 + (/ - p4)^i6 

+ (V + / - / + p')i'' + [P^^ + 3pl2 _ pll + p9 _ /)il4 _ 3^15^13 
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+ - 3pl4 + pl3)tl2 + (3pl7 + pl5 _pl3)ill + (_pl8 ^ pl6 ^ pl4 ^ 3^13 ^^12)^10 

+ (-2pl^ - 3pl6 + 2pl5)t9 + (p20 _ pl8 ^ 2pl7 _ 5pl5)^8 ^ (_p20 ^ 4pl8)^7 
+ (_pl9 + pl7)i6 ^ (_p25 _ 3^24 ^ ^23)^3 ^ 3^27^2 ^ 3^26^ ^ ^30 _ 3^29 _ ^28 

Note that none of the candidate-poles cancel in this case. For p = 2, 5, 11 mod 12, 
we find a similar result. 

3. Computation of an important integral using Hensel's Lemma 

In order to prove our second main theorem in the next section, we will need a 
formula for the integral 

/ \fixW\gix)\\dx\, 

where / and g are polynomials over Zp in n variables. In Corollarv 13.61 we will find 
a reasonable formula under a number of non-degeneracy conditions on / and g that 
will be explained further on in this section. The result demands some preparation 
involving Hensel's Lemma. 

Lemma 3.1 (Hensel's lemma in several variables). Let f — (/i,...,/„) be an 

n-tuple of polynomials fi in Zp[a;i, . . . , a;„]. Denote by J{f) — \dfi/dxj\ij the 
Jacobian determinant of f . Let k G TSI \ {0} and let a — (ai, . . . , a„) G be a 
k-approximate root of f (i.e. fi{a) = mod p^ for all i) and suppose that J{f, a) ^ 
mod p. Then there exists a unique root a' G Z^ of f near a (i.e. fi{a') — and 
a'l = ai mod p^ for all i). 

Proof. For the case A: = 1, we refer to [4j Section 4.6, Theorem 2]. The result 
for fc > 1 can be proved by applying the statement for fc = 1 to the polynomial 
.g(y)=p-(fe-i)/(a-)-p'=-iy). . 

Corollary 3.2. Cfr. [6, Corollary 3.4]. Let f{x) e Zp[x] anrf fc, ? e N \ {0} with 
k ^ I. Let a e Zp such that f{a) = Omodp' and f'{a) ^ mod p. Then there 
exists an element a' G Zp such that 

{x e a+p'Zp I f{x) = modp''} = a +p''Zp. 

Proof. By the previous lemma, it follows that there exists a unique root a' G Zp of 
/ which is congruent to a modulo p'. One can verify that a' satisfies the required 
condition. ■ 

Corollary 3.3. Let f,g G Zp[a;i,X2] and fc G N \ {0}. Let a — (01,02) G Zp 
such that f{a) = g{a) = mod p and \ J{f,g,a)\ ^ mod p. Then there exists an 
element a' — (a'i,a2) G Zp such that 

Ak,k ^{x^ ixi,X2) ea+{pZpf I f{x) = g{x) = Omod/} = a' + {p^Zpf . 

Proof. This follows in the same way as Corollarv 13.21 from Lemma |3. II ■ 

It follows that the set Ak^k C Zp has measure p~^^ . We will need the following 
generalization of this result. 

Lemma 3.4. Let n ^ 2 and f,g G Zp[xi, . . . , Let k,l E N\{0} with k ^ I. Let 
a = (oi, . . . , a„) G Zp such that f[a) = g{a) = mod p and such that the .Jacobian 
matrix J{f,g,a) has rank 2 modulo p. Then the measure of the set 

Ak,i — {x — [xi, . . . , Xn) G a + (pZp)" I f{x) = mod p^ and g{x) = mod p'} 
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equals p ' 



-n-k-l+2 



Proof. Since J{f,g,a) has rank 2 modulo p, we can assume, without loss of gener- 
ality, that 



df , . df 



dg 
dxi 



(a) 



dg 

dx2 



(«) 



^ mod p. 



This also implies that (df /dxi){a) and {df /dx2){a) are not both congruent to zero 
modulo p. Let us again assume that {df /dxi){a) ^ mod p. 

Fix flg, . . . , a'n G Zp with a[ = Ui mod p for i — 3, . . . ,n. Applying Corollary 13.31 
to the polynomials /(xi, X2, 03, . . . , a^) and g{xi,X2,a'^, ■ ■ ■ ,a'^) in the variables 
xi,X2 and to (01,02) G Z^, we find that there exist a'i,a'2 € Zp, depending on 



^3' • ■ 



, a^, such that for all X3,...,Xn E Zp, satisfying 



mod p for i — 



■ ,Xn) = g{xi, . . . ,x„) = mod p'} 

= {a[,a',) + {p%f 



3, . . . , n, one has 

{{xi,X2) G (ai,a2) + (pZp)^ | f{xi 



Consider now ai^ G Zp with ai^ = 03 mod . Applying Corollary 13.21 to the 
polynomial /(xi, Oj, 03, ... , aJJ G Zp[2:i] and a[ G Zp, we find an element a'/ G Zp, 
depending on 02 , Og, . . . , aj^, such that for all X2, . . . , a;n G Zp, satisfying X2 = 
02 , Xi = mod p*"' for i = 3, . . . ,n, we have 

{xi G a[ +p'Zp I /(xi,. . . ,x„) = modp''} = a'/ +/Zp. 

These two considerations show that the set 

Ak,i — {x — {xi, . . . , Xn) G a + (pZp)" I f{x) = mod p'^ and = mod p'} 
equals the union 



(2) 



u 



U (a'/,4',4,...,a;) + (/Zpr 



a3+p'''Zp,...,a^+p'=Zp 
a'^=ai mod p 



a2 ^ti2 mod 



where the first union is taken over all elements (03 + p'^Zp, 



.,a„ 



p'^T.p) G 



{Zp / p^Zp)"^ ^ with a[ — Qi mod p for i = 3, . . . , n and the second union is over 
all the cosets 03 + p'^Zp G Zpjp^Zp with a!^ = a'2 modp', where depends on 



^3' • ■ 



, , a!^ and a![ depends on aj, Cg, . . . , as described above. 



Because the union Q is a disjoint union, we now find easily that the measure 

of Ak I equals pik-l)in-2)pk-lp-kn ^ p-n-k-l+2^ ^ 



Now we can prove the following proposition, which is the key result for the 
formula we are looking for. 



14 



BART BORIES 



Proposition 3.5. Let n ^ 2 and f,g G Zp[xi, . . . ,x„ 
to any of the following sets of congruence relations: 



Let a G Zp be no solution 



f{x) — mod p 
df 

— — (x) = mod p, i ^ 1, . 

OXi 



g{x) — mod p 
,n, I — — (a;)=Omodp, i~l,...,n 

OXt 



(3) 



f{x) = mod p 
g{x) = mod p 



&(«) few 

Then for s £ C with 9fi(s) > 0, we have 

P 

\fix)\^\gix)\\dx 



modp, i, j = 1, . . . i < j. 



a+(pZp) 



„ p-1 
P „= + l_l 



P 



-n 1 
p+1 



P-1 



if /(a) ^0 and 5(a) ^ mod p, 
if /(a) = and g{a) ^ mod p, 
if /(a) ^ and 5(a) = mod p, 
(p.+i-i)(p+i) if /(a) = 3(a) = mod p. 

Proof. The first three cases foUow easily from [6, Proposition 3.1]. Let us now 
assume /(a) = g{a) = mod p. For x & a + (pZj,)", we have /(x) = /(a) = 5(2;) = 
g(a) = mod p. The order of both f{x) and 5(2;) is thus at least one and we can 
write 



\f{x)\'\g{x)\\dx\ 



a+(pZp)" 

00 OC 

EE 



Old f{x) — k, ordg(x)—l 

-ks ^—l 



\fix)\^\g{x)\\dx\ 



= ^^P ^"P ' • A* ({a; e a + {pZpf I ord /(x) = A; and ord g{x) = /}) 

k=l 1=1 

We will prove below that the measure of 

(4) {x e a + (pZp)^ I ord/(a;) = k and ordg(x) = 1} 

equals p^"^^^^ [p — 1)^. Assuming it now, we can continue: 



00 00 

/ \f{x)\^\g{x)\\dx\=Y,T.P 



-ks~l ^—n — k — l 



{p-if 



'a+{pZ 



k=l 1=1 



,-2i 



k=l 



:p-"(p-l) 



2 P 



-(^+1) 



1=1 



P 



1 _p-(s+l) 1 _p-2 
p-1 



" (p^+l-l)(p+l)' 

giving the result. 

It remains to prove that the measure of (|4]) is equal to p~"^'''^'(p — 1)^. With 
the notation of Lemma l3.4| we have that Ak^i D Ak+i^i and Ak^i D Ak.i+i and that 
the set {x E a + (pZp)"^ \ ord /(a;) = k and ordg{x) — 1} is the complement of 
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Ak+i,iUAk.i+i in Ak,i. Noting further that Ak+i.i C] Ak,i+i = Ak+i,i+i and making 
use of Lemma 13.41 we can calculate that 



H ({x e a + (pZp)'^ I ord/(a;) = k and ord g(a;) = I}) 
= ^J.{Ak,l) - ^j.{Ak+i,i) - ^j.{Ak,i+i) + fi{Ak+iA+i) 

^ p-n-k-l+2 _ 2p—n-k-l+l p^'"-^^^^ 

U 

Corollary 3.6. Let n ^ 2 and f,g ^ Zp[xi, . . . ,Xn]- Put 

N = #{ae (F;)" I 7(a) = andg{a) ^ 0} 
P = #{a e (F^ )" I 7(a) 7^ and g{a) = 0} 
Q = #{ae (F;)" 17(a) = 5(a) -0}. 

Suppose that none of the sets of congruence relations ^ from the previous propo- 
sition has a solution in (Zp )". Then for s £ C with 5R(s) > 0, we have 

Jfix)\^\gix)\\dx\ = 

Proof. Splitting up the integration domain as follows, we get 

\f{xW\gix)\\dx\ = 

^ / \fix)\^\g{x)\\dx\+ J2 I \f{x)ng{x)\\dx\ 

aG{l,...,p-l}" "'°+(pZp)" aG{l,...,p-l}" "'a+(pZp)" 

f{a)^0 mod p f{a)=0 mod p 

g{a)^0 mod p g{a)^0 mod p 

+ E / \f{xW\g{x)\\dx\+ E / \f{xW\9(x)\\dx\. 

ae{i,...,p-i}" "''»+(pZp)" ae{i,...,p-ir "''^+(p2;p)" 

/(a)^0 mod p f{a)=0 mod p 

g{a)=0 mod p g{a)=0 mod p 

Applying Proposition I3.5[ wc find 

\f{x)\'\g{x)\\dx\ 



(Zp-)" 



((p - 1)" -N-P- Q)p~^ + iVp-" \ + 



- 1 p + i 



(p«+i-i)(p+i) 



p'-'+i - 1 p + 1 (p^'+i - i)(p + 1) 
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4. Igusa's local zeta function of a single polynomial and a 

polynomial measure 

Let /, g be non-zero polynomials in Z^Jxi , . . . , Xn] without a constant term. Sup- 
pose / and g are both non-degenerateco over Fp with respect to all the faces of 
their Newton polyhedron. We will consider the Newton polyhedra F / and Tg of / 
and g and their corresponding partitionj^ Ay, and lS.f g of R>o- 

Notation 4.1. As before, each cone 5 in A^.g can be written in a unique way as the 
intersection ^ = A/(r) fl A(,(t') of a cone A/(r) in A/ with a cone Ag(r') in Ag. 
So, to each cone i5 G A/^g we can associate a face r of F/ and a face t' of Tg. For 
(5 e denote by /i- the polynomial /t, with r the face of Fj associated to 5. 

The polynomial gs is defined in the same way. Furthermore, for (5 G Aj ^, we put 

N, = #{a e (F;)" I Ts{a) = and g^(a) ^ 0} 

P5 = #{a e (F;)" I 7^(a) 7^ and g^(a) - 0} 

Qs = #{a e (F; )" I Ts{a) = g^(a) = 0}. 

Definition 4.2 (Non-degenerated). Let n ^ 2 and /, g be non-zero polynomials 
in Zp[a;i, without a constant term. We say that the pair (/,(?) is non- 

degenerated over Fp with respect to all the cones in the partition A/.g of R>oj 
associated to / and g, if for every cone 5 £ A/,g and all a S (Zp)", such that 
fsia) = gsio) = Omodp, the Jacobian matrix J(fs, gs, a) has rank 2 modulo p. 
This amounts to saying that for every cone (5 g A/.g, the set of congruences 

fs{x) = modp 

gs{x) = mod p 

has no solutions in (Z^)". 

Theorem 4.3. Let p be a prime number and n ^ 2. Let f,g be non-zero polyno- 
mials in 7ip[xi, . . . , Xn] with /(O) — and g(0) = 0. Suppose that f and g are both 
non-degenerated over Fp with respect to all the faces of their Newton polyhedron and 
that {f,g) is non- degenerated over Fp with respect to all the cones in the partition 
A/^g o/R"g, associated to f and g. Then we have: 



= modp, z, j = 1, . . . ,n; i<j 



Zf.,gdx{.s) 



with 



Ls^p-'' {{p-ir -pNs- 



P 



s+l 



E 



-Ps 



LsSs, 



p+1 



-pQs 



p'{p+l)-2 
{p^+^ -l){p+l) 



Ss^ J2 P 

fceN"ni5 



-m f {k)s—mg (k)—(7{k) 



for every cone S in Af^g. 



l^See Definition [Til 

^'^See Definitions [Ol and [ZTI 

l®See Definition [Til 
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Just as in Theorem \ 2.5\ the Ss can be calculated by considering a partition of 
S into rational simplicial cones Si, i Cz I , without the introduction of new rays. If 
for each i, we take 5i to be strictly positively spanned by the linearly independent, 
primitive vectors ki^i, . . . , ki^n G N" \ {0}, then we have 

E m f {h) s+m g{h)+a {h) 
_ h 

where h runs through the elements of the set 



Q^Xj <l for j = 1,...,', 



The real parts of the candidate-poles for Zf^gdx are therefore given by the rational 
numbers —1 and 

mg{k) + cr(fc) 
m/(fc) 

for k a primitive generator of a ray in A.f g. 

Proof. The proof is again similar to the proof of 6, Theorem 4.2]. Based on the 
partition Af g of R.>oj we split up the integration domain as follows: 



Zf,gd-{s) = J Jf{x)\'\g{x)\\dx\ 

To calculate the integral over {a; £ | ordx — k}, we will make a change of 
variables. For (5 e A/.g, A: G N" n 6 and x G Z^ with oidx = k, put Xj = p^^Uj 
with Uj G Zp . Then 

\dx\=p-~''^^'^\du\ and 

Note that /(x) is a Zp-linear combination of the x" with lo G supp(/) and thus of 
the p^''^u'^ in the new variables. For k fixed and uj G supp(/), the scalar product 
A; • cj is minimal with value mf{k) for lo G Ff{k) = t, where t is the face of Fy 
associated to 5, and not minimal outside t (Cfr. Definitions 11.61 11.71 and II. 9p . 
Separating the maximal power of p, we can write 

f{x)^p^'^^\fr{u)+pfrM{u))^p'^'^^\fs{u)+pU,k{u)). 

with f^ j^iu) a polynomial in Zp[ui, . . . , u„], depending on /, r and k. Analogously, 
we can write g{x) as 

This all leads to Zf^gdx(s) = 
E E / \fs{u)+pfr.k{u)\^\gs{u)+pgr'A^)\\du\. 
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Let us put 

Ls = I \Js{u) +pjT.k{u)\''\gs{u) +pgr\k{u)\\du\. 

J(Z^)" 

Because of the non-degeneracy conditions on / and g, for every 5 € lS.f g the poly- 
nomials fs and gs satisfy the condition formulated in the statement of Corollarv l3.6l 
It follows immediately that the polynomials fs{u) +pfT,k{u) and gsiu) +pgr',k{u) 
satisfy the same condition. So by Corollary I3.6[ we know that 



\fsiu) + pfr,kiu)\''\gs{u) + pgr',kiu)\\du\ 

Because this expression for Lg is independent of fc, we can write 

giving the main formula. The 'closed' formula for Ss, based on simplicial subdivision 
of S, can be found following the argumentation of [6l Theorem 4.2]. ■ 



5. Igusa's local zeta function of a polynomial mapping and a 

polynomial measure 

Let fi,...,ft,g e Zp[xi,...,Xn]-, such that f = (/i, . . . , /t) : Q^' Q* is a 
nonconstant polynomial mapping, satisfying f(0) = 0. In this section, we give 
an explicit formula for Igusa's local zeta function Zf^g^x, associated to f and the 
integration measure |(7(a;)||c?a;| on Zp, in the same style as the previous ones. This 
time we adapt a formula for Igusa's local zeta function of a polynomial mapping, 
given in |15) , which is a generalization of the formulas proven in [B^ and . In the 
same way the formula we will state here, generalizes the main results of Sections [2] 
and m Again, we restrict to the case where f and g satisfy a number of non- 
degeneracy conditions (see below). 

Because the derivation of the formula is completely analogous to what we have 
done in Sections [3] and HI for a single polynomial, in this section, we will only give 
the results and omit the proofs. We start by stating the analogues of some results 
from Section [3l to conclude with the formula itself in Theorem 15.61 

Lemma 5.1. Let i and g be as above and suppose n ^ t + \ . Let k^l Cz f^\{0} and 
a = (ai, . . . , a„) £ , such that f (a) = mod p and gia) = mod p, and such that 
the Jacobian matrix J(f , g, a) — J(/i, . . . , ft, g, a) has rank t + 1 modulo p. Then 
the measure of the set 

Ak,i = {a; = (xi, . . . , Xn) e a + (pZp)" \ f(x) = modp'' and g{x) = modp'} 

equals p-"-(fe-i)«-'+i. 

Proposition 5.2. Let f, g and n be as above. Let a S Z^, such that the following 
three conditions hold: if a is in the locus off, g and (f, g), respectively, then the 
Jacobian matrix off, g, (f,g), respectively, and a, has maximal rank (-*). Then for 
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s € C with 3?(s) > 0, we have 



i a 



\\f{x)r\g{x)\\dx\ = 



-n p 



ps+t_i 
-n 1 
P+1 



if f (a) ^0 and g{a) ^ mod p, 
if f (a) =0 and g{a) ^ mod p, 
if f (a) ^0 and g{a) = mod p, 
if f (a) = and fif(a) = mod p. 



(p»+t-i)(p+i) 

Corollary 5.3. Let f , 5 and n he as above. Put 

N = #{ae (F^)" I f(a) = and g{a) 7^ 0} 

P = #{a e (Fp^)" I f(a) ^ and 5(a) = 0} 

Q = #{aG (F^)" I f(a) = and g{a) = 0}. 

Suppose that the three conditions (-k) from the previous proposition hold for all 
a G (Z^)". Then for s € C with 3?(s) > 0, we have 



\f{x)r\g{x)\\dx\ 



ip - 1)" - p*N- 



P 



s+t 



1 



-P- 



p + l 



-PQ 



p'-\p%P + 1) - 1) - 1 



Notation 5.4. Again each cone S in Af^g can be written in a unique way as the 
intersection 6 = Af (r) n Ag{T') of a cone Af(r) in Af with a cone Ag(T') in Ag. 
So, to each cone 5 e Af^g we can associate a face r of Ff and a face r' of Tg. For 
(5 G Af^g, denote by is the polynomial fx, with r the face of Ff associated to 5, and 
analogously for gs- Furthermore, for 6 G Af^g, we put 

Ns = #{a G (F;)" I Ts{a) = and g^{a) ^ 0} 

Ps = #{a G (F;)" I Ts{a) ^ and 35(0) = 0} 

Qs = #{a G {F^r I ^(a) = and 55(a) = 0}. 

We need the following notion of non-degeneracy. 

Definition 5.5 (strongly non-degcncrated). Let f, g and n be as above. We say 
that the pair (f , g) is strongly non-degenerated over Fp with respect to (all the cones 
of) the partition Af^g of R^Q' associated to f and g, if for every cone S G Af_g and 
all a G (Fp )", such that fi,s{a) = • • • = ft,s{'S) = 55(a) = 0, the Jacobian matrix 

/(97^/aari)(a) ••• {d7^s/dxn){a)\ 



J{fs,95,a) 



{dft,s/dxi){a) 
V {dgs/dxi){a) 



{dft,s/dxn){a 
{dg^/dxn){a) J 



has maximal rank {= t + 1). 



Theorem 5.6. Letp be a prime number. Let f = (/i, . . . , ft) : Qp be a non- 

constant polynomial mapping, with /i, . . . , /j G Zp[xi,. . . , Xn], satisfying /j(0) = 

for all i, and suppose that n ^ t + 1. Let g, g[Q) = be a nonconstant polynomial 
in Zp[xi,. .. ,Xn] that is non-degenerated over Fp with respect to its Newton poly- 
hedron. Suppose that f and (f , g) are strongly non-degenerated over Fp with respect 
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to the Newton polyhedron Ff and the partition Af^g o/R"q, respectively. Then we 
have: 

Z{,gdx{s) — ^ LsSs, 

with 

p 1) - 1) - 1 



and 

5"^— ^ p-™.f(fe)s-mg(fc)-<T(fc) ^ 

fceN"n<5 

for ever y c one S in Af .g. 

ylqam^^ there exists a closed, rational expression for the Sg, showing that the real 
parts of the candidate-poles for Zf^gdx are given by the rational numbers — 1 and 

mg{k) + cr(/c) 
mf (fc) 

for k a primitive generator of a ray in Af g . 

Proof. The proof of the theorem is completely similar to the proof of Theorem l4.3l 
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